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Abstract 

Using the Cartan formulation of General Relativity, we construct a well defined lattice- 
regularized theory capable to describe large non-perturbative quantum fluctuations of the frame 
field (or the metric) and of the spin connection. To that end we need to present the tetrad 
by a composite field built as a bilinear combination of fermion fields. The theory is explicitly 
invariant under local Lorentz transformations and, in the continuum limit, under general covariant 
transformations, or diffeomorphisms. Being well defined for large and fast varying fields at 
the ultraviolet cutoff, the theory simultaneously has chances of reproducing standard General 
Relativity in the infrared continuum limit. The present regularization of quantum gravity opens 
new possibilities of its unification with the Standard Model. 
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I. INTRODUCTION 



One of the most profound problems in Quantum Field Theory is to construct a well- 
defined quantum gravity. Despite many ingenious attempts in the past, General Relativity 
remains today the only fundamental field theory where quantum fluctuations are untamed. 
The classical metrics and curvature follow from the Einstein equation. However we need 
a theory allowing for quantum fluctuations of metrics about the classical values. This is 
important not only for a consistent treatment of many gravity-related phenomena but also 
for a future unification of gravitation with the Standard Model where quantum fluctuations 
are under control and well understood. 

Although we live in a world with Minkowski signature, we wish first of all to define 
quantum gravity in a world with Euclidian signature. First, we believe that if the partition 
function of a theory does not exist when Euclidian signature is chosen, its Minkowski coun- 
terpart will also be inevitably and incurably sick. It may be concealed in perturbation theory 
when only small fluctuations are considered but will show up when they are allowed to be 
arbitrarily large. Second, the Euclidian formulation has its own right, for example in prob- 
lems related to thermodynamics and to tunneling, like in the Hawking radiation problem 
where paradoxes are encountered just because we do not know how to quantize Euchdian 
gravity. Therefore, for clearness we shall discuss here Euclidian gravity. If a theory is well 
defined for Euclidian signature, it is usually not hard to Wick-rotate it to the Minkowski 
world. 

One of the much discussed difficulties in building quantum gravity is the lack of renormal- 
izability of the standard Einstein theory with matter. In loose terms, the Einstein-Hilbert 
action does not restrict enough high-momenta fluctuations of the metrics. To overcome the 
difficulty, and/or supersymmetric modifications of gravity have been suggested. How- 
ever, there is a far worse difficulty which shows up in or R^ or gravity as well and 
in fact for any generally covariant action: Large-amplitude fluctuations of the metrics are 
not restricted matter of principle! 

The point is, we live in a world with fermions, and that means that General Relativity 
must be formulated a la Cartan l|] when the frame fleld ej^ (also called tetrad, vierbein 
or repere) and the spin connection being the gauge fleld of the Lorentz 5*0(4) group, 
are used as 16-1-24=40 independent fleld variables, see Section II. In this formulation, the 
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cosmological term (or invariant volume) is 

5cosm = / d^x det(e) = Jd^'x^^ e''^^" eABCD e;^ef eje^ (1) 

and the Einstein-Hilbert-Cartan action is 

5ehc = jd'x\ t^^^^ eABCD eje^ (2) 

where = [D^D^]^^ = d^u^^ - dyUJ^^ + u^'^u^^ - u^'^u'^^ is the Cartan curvature 
and D^^ = (df^ + u^)^^ is the covariant derivative. At the saddle point in u^, corresponding 
to zero torsion, this term reduces to the Einstein-Hilbert action i?det(e) if one assumes the 
standard relation with the metric tensor, g^^, = e^e^. 

According to the general lore of Quantum Field Theory, the exponent of the action gives 
the weight for quantum fluctuations of the fields. Both the above actions are not sign- 
definite and therefore cannot restrict path integrals over the and o;^ fields. Indeed, if 
the frame field is allowed to fluctuate, as supposed in quantum gravity, the sign of det(e) 
can continuously change from positive to negative or vice versa. Of course, det(e) = is a 
singular point where the curved space effectively looses one dimension but it is not possible 
to forbid such local happenings in the world with a fluctuating metric. The Einstein-Hilbert 
action is double vulnerable: It can change sign both from the flip of the orientation of the 
frame and from the flip of the curvature sign. 

In the next orders, one can generally build 10 invariants quadratic in the Cartan cur- 
vature and 5 invariants quadratic in torsion 

a a. 

However, all those invariants and in 
fact all thinkable local actions invariant under diffeomorphisms are necessarily linear in the 
antisymmetric tensor e'^^^'^ and hence are not sign-definite! We discuss it in more detail in 
Section HI. 

Therefore, any general-covariant action cannot restrict large fluctuations of and u^, 
even though small fluctuations about a particular metric may be locally meta-stable. What- 
ever is the sign with which we take a particular action term in the exponent to define a 
quantum path integral, there will always be a direction in the functional space where fluctu- 
ations are exponentially enhanced instead of being suppressed. We call it the Sign Problem 
of quantum gravity and it is far worse than the lack of renormalizability. The latter may 
be cured, at least in perturbation theory, by taking higher derivative terms, but it does not 
help at all to solve the former. 



At this time, we see only one way to overcome the Sign Problem, and that is to use in 
part fermionic variables in formulating General Relativity, rather than only bosonic ones. 
Integrals over anticommuting Grassmann variables are well defined irrespectively of the 
overall sign in the exponent of a fermionic expression. The reason is that in fermionic 



integrals introduced by Berezin ^ one picks up only certain finite order in the Taylor 
expansion of the exponent of the action, such that the overall sign does not matter. 

More specifically, we suggest to present the frame field as a composite field bilinear in 
the anticommuting fermion operators (Section IV). Such kind of expressions has been 



put forward previously 



8|, however, taken literally, our presentation for is new. We 
want to preserve the local gauge Lorentz symmetry exactly at all stages, and for that we 
need the explicit gauge field u^. It is only the frame field that we replace by a composite 
fermionic combination, and we use the covariant derivative there with a generic gauge field 
uj^. Instead of Cartan's and w^, our basic independent variables are ip ^i-nd u^. In this 
paper, ip^i^ can be thought of as abstract anticommuting variables, however for the goal of 
unification with the Standard Model they may be in future replaced by real matter fields. 

With the fermionic presentation of the tetrad, the Sign Problem above is solved since 
large-amplitude fiuctuations of the metric become restricted. More precisely, their contribu- 
tion to the partition function becomes finite. Therefore, one can now think of taming also 
the high-momenta or the short-distance fiuctuations by imposing the ultraviolet regulariza- 
tion of the theory. Lattice discretization of space is one of the most clear and straightforward 
ways to achieve it. Quite recently a lattice regularization using composite frame field similar 
to but distinct from our has been suggested by Wetterich [8|. 

We shall regularize the actions ([1]) and (|2]) and, in principle, any other, higher-derivative 
action by imposing a 4-dimensional hypercubic grid on the internal curved space. Figu- 
ratively, it is like drawing a rectangular pattern on a Scottish plaid. The plaid can be 
arbitrarily curved but the 'physics' should not depend on the way the pattern is drawn. 

It is always desirable to perform the regularization in such a way that all classic symme- 
tries of a field theory are preserved. In our case these are the local symmetries of the action 
terms f fT][2|) . namely 

• (i) invariance under local Lorentz 5*0 (4) transformations, 

• (ii) invariance under general coordinate transformations, or diffeomorphisms. 
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It is not uncommon, however, that when one attempts to regularize a theory, certain classic 
symmetries have to be sacrificed in favor of others, with the hope that they will be restored 
in the continuum limit. Sometimes they are indeed restored, sometimes they are not; in the 
latter case we say that there is a quantum anomaly. 

The gauge Lorentz symmetry will be exact in our lattice regularization but the 
diffeomorphism-invariance is, strictly speaking, achieved only in the continuum limit, there- 
fore it can in principle turn out to gain a quantum anomaly. 

In this paper we formulate a quantum version of General Relativity by means of a well- 
defined and regularized path integral, such that quantum fiuctuations of the metrics and 
of the spin connection are fully under control and tractable (Section V). The big question 
is whether the theory that is well defined in the ultraviolet possesses a smooth continuum 
limit, and if its infrared limit coincides with Einstein's General Relativity. This question 
will be addressed in Section VI. There are good reasons to believe in the positive answer 
but further work is needed to establish it. 

Finally, we make a provocative remark in Section VII, that the spinor fields used to 
define the composite frame field may be in fact real matter fermions. With the quantum 
fiuctuations of metrics now under control for any number of space-time dimensions, it opens 
new possibilities to unify quantum gravity with the Standard Model. In particular, by 
counting the number of degrees of freedom we find that the 5*0(16) gauge theory possessing 
diffeomorphism invariance in 16 dimensions is privileged. The 50(16) gauge group contains 
S'0(4)Lorcntz and the Standard Model's S't/(3)coior x SU{2)^cak x U{1)y groups as subgroups, 
and its two 128-dimensional spinor representations fall precisely into four generations of 
fermions. 



II. CARTAN FORMULATION OF GENERAL RELATIVITY 



We live in a world with fermions, and they must be included into General Relativity. The 

Ifl 



standard way one couples Dirac fermions to gravity is via the Fock-Weyl action jo], 

1 



'S'Dii 



d X det(e) 



(3) 
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where ip^i^ ci-re the independent 4-component fermion fields assumed to be world scalars, 
7a are the four Dirac matrices, o;^'" is the gauge field of the local Lorentz group, called spin 
connection, and e^^ is the contravariant (inverse) frame field, 

det(e) e^^ = ^ e^"^'' eAscn eje^, e^^ef = e^'^ef = S^^ . (4) 

The metric tensor is the usual 

^7/.. = (5) 

To incorporate fermions, one needs, therefore, the gauge field u;^ and the frame field e^, which 
are a priori independent variables. Therefore, the bosonic part of the General Relativity 
action must be also constructed from these fields. We are thus bound to the Einstein-Cartan 
formulation of General Relativity [l| even if we wanted to avoid it. 

In this formulation, the cosmological and Einstein-Hilbert terms take the form of 
Eqs.f lT][2|) . If we limit ourselves to just these terms the action is at most quadratic in u^, 
therefore the saddle-point integration over o;^ is exact. The saddle-point equation on o;^ is 

(/^,e.)^ - (D^e,)^ I 2T^^ = 0. (6) 

The l.h.s. of this equation is, by definition, twice the torsion field T^, therefore, at the 
saddle point torsion is zero. The solution of Eq. ([6]) is the well known 



Being substituted back into Eq. ([2]) it gives the Einstein-Hilbert action ^det(e) where R is 
the standard scalar curvature built from the standard Christoffel symbol f ^a./^ = \{di^g\^ + 
dxgnu — d^Qi^x). We mark quantities referring to the zero torsion limit with a bar. 

One can build systematically the series of action terms invariant under (i) and (ii), clas- 
sifying them in the number of covariant derivatives j2|. In the O*'^ order there is only the 
cosmological term ([T]). In the 1*^* order there is the Dirac action and three other fermionic 
terms '2]. In the 2^^^^ order there is the Einstein-Hilbert-Cartan term ([2]) and the P,T odd 
term first introduced in Refs. [ill, Il2 1 : 

Sp,T odd 



jd'x\e^^^'^F^^ey,. (8) 



Also in the 2'^'^ order in the covariant derivatives there are 5 terms quadratic in torsion ([6]), 
two of which are P, T odd . In the 4*^^ order there are 10 terms quadratic in curvature 



In the zero-torsion limit 



T two of which are full derivatives and three being P, T odd 
they reduce to only two well-known independent invariants P^det(e) and -R^a-R"^ det(e), 
and two full derivatives, where is the standard symmetric Ricci tensor. In the 4*^ order 
also two terms of the type T(V-R) appear [2I, and so on. 

All these action terms are linear in the antisymmetric e'^^^^^ and are therefore not sign- 
definite. 

III. THE CURSE OF GENERAL COVARIANCE 

The Sign Problem of quantum gravity and in fact its main problem is that any 
diffeomorphism-invariant action is not sign definite, therefore it cannot restrict large fluctua- 
tions of the metric. The reason is very general. One constructs world scalars by contracting 
upper and lower indices, contravariant and covariant tensors. The contravariant tensors 
can be obtained from covariant ones by the 'index rising procedure', e.g. = g^^ A^. In 
its turn, the contravariant metric tensor, being inverse to the covariant one, can be always 
expressed through it as 

Therefore, any world scalar can be always written through covariant tensors only using 
an even number of antisymmetric epsilon's. In the generally covariant action, however, 
one integrates world scalars over the 4-volume / d^x, and this must be independent of the 
change of coordinates — i- x'^{x). In other words, the Jacobian dx/dx' arising from 
the change of coordinates in the volume element has to be compensated by the change 
of coordinates in the integrand. This compensation happens in integrands that are linear 
in the antisymmetric epsilon with four Greek indices referring to the curved space, like 
det(e) = (l/4!)e'^^'^''e^BCDe;^efeJe^ or e'^^^'^ e^^cD -^.1f etc. 

Indeed, under general coordinate transformations x^ — x'^(x), expressions of the type 
^K\^lu j"^^^^ where T is a covariant tensor or a combination of such tensors, gets the inverse 
Jacobian factor dx' /dx which compensates the change of coordinates in the volume element, 
such that the action is diffeomorphism-invariant. This is also true for more complicated 
algebraic constructions that have one extra epsilon in the numerator as compared to the 
denominator. It is the only kind of actions allowed by general covariance. 
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Meanwhile, all actions that are odd in the antisymmetric epsilon are apparently not sign- 
definite. The simplest example is the invariant volume itself, / d'^x det(e). If the frame field 
is allowed to fiuctuate, as supposed in quantum gravity, the sign of det(e) can continuously 
change from positive to negative or vice versa. Of course, det(e) = is a singular point where 
the curved space effectively looses one dimension but it is not possible to forbid such local 
happenings in the world with a fluctuating metric. The Einstein-Hilbert-Cartan action can 
change sign both from the flip of the tetrad orientation and from the flip of the curvature 
sign. 

Therefore, none of the general coordinate actions can protect the system from large quan- 
tum fluctuations: there will always be a direction in functional space where fluctuations are 
exponentially enhanced instead of being suppressed. A simple visualization of the situation 
is provided by the 0^ theory (Fig. 1). 



FIG. 1: The (p^ theory is fundamentally sick both in Euclidean space, where it is unbounded, and 
in Minkowski space where it can tunnel to a bottomless state. However, perturbation theory exists 
in the usual sense near cf) = 0. 

It may seem that choosing Minkowski space-time makes the sign problem less acute as 
the weight is oscillating anyway independently of the action sign. However the example 
of the 4>^ theory shows that it does not necessarily help. In a theory with an unbounded 

Lagrangian in both directions either the casual Green function can not be defined, or there 
is quantum tunneling to a bottomless state. In any case, non-perturbatively the theory does 
not exist. 

Since the indefiniteness of the action sign is at the heart of general covariance, it looks as 
being the main problem of quantum gravity: the amplitude of quantum fiuctuations are not 
restricted as a matter of principle. This is very different from other fundamental quantum 
theories. 
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IV. COMPOSITE FRAME FIELD 



The only way to solve the Sign Problem we see today is to use in part fermionic variables 
in General Relativity, instead of the bosonic ones. Integration over Grassmann variables 
are well defined independently of whether the exponent of the fermionic action is positive 
or negative. The reason is that in Grassmann integration one picks up only a certain finite 
order in the Taylor expansion of the exponent of the action. 

If there are Grassmann variables ipi and Grassmann variables ipj, such that ipii^j = 
—ipjipi, ipjipj = —ipjipi, ipjipj = —'ipji^i, one defines, following Berezin j^, 

N N N N 

I n #J n di^^ = o> / n ^v^i n = i- (lo) 

i=i i=i j=i i=i 

Using this definition one obtains 

N N 1 2 



J n d^l n exp {4 Aj ^j) = — e^^--^(J^-^^ A,,,, . . . A^,^ = det{A), 

i=l j=l 
N N 

Yl dipj Yl dipj exp (tpjip] Aij^ki i^kipi) 



i=i j=i 



Jii2---iN-iiN Jij2---jN-ijN A. . . . A. . . . ( N — P\rp-n\ pir 



In fact, integrals with any (even) number of fermion variables in the exponent are well 
defined and finite, irrespectively of the overall sign in the exponent. 

We wish to use this 'fermionization' trick to define quantum gravity theories allowing 
for arbitrary metric fiuctuations, small and large. By a 'quantum gravity theory' we mean 
a theory with a local action invariant under gauge transformations of the Lorentz group, 
and under diffeomorphisms. In particular, we shall keep in mind the most common actions 

(HE©. 

More specifically, we introduce the frame field as a composite field bilinear in anti- 
commuting fermion operators: 

e^ = l [i^^lAV.i^ - ^^^^7aV^) . (11) 

This expression transforms as a world vector under diffeomorphisms, and as a vector under 
local Lorentz transformations, which are the correct transformation rules for the frame field, 
as seen from the Dirac-Fock-Weyl action (I3l). 
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The idea of using the composite frame field appears first in a paper by Akama 



fl. It 



reappears independently in Volovik's derivation of "general relativity" description of the ^He- 
B superfiuid [6'] where ip\ip are real matter fields. More recently, a composite frame field 
of the type flTT]) has been considered by Wetterich 0, Q]- In Refs. 6-8| the ordinary (rather 
than covariant) derivative is used in the definition ( llip . such that does not transform 
as it should under local Lorentz transformations [isl . In Ref . |5|] the covariant derivative is 
used in the construction but with the spin connection taken at its saddle-point value ([7]) 
expressed in its turn through the tetrad, which makes the definition somewhat ambiguous. 
Therefore, taken literally, Eq. flTT]) is new. 

We stress that in the Cartan formulation, the frame field and the spin connection uj^^ 
are independent variables. In Eq. flTT]) only the frame field is replaced by the composite 
expression through spinor fields whereas the spin connection remains an independent gauge 
variable. This is not only aesthetically appealing but is also helpful if one keeps in mind pos- 
sible unification when is joined by the gauge fields of the Standard Model (Section VII). 
In the Standard Model we have spinors and gauge fields, why should gravity be different? 

The new content of the gravity theory are now the fermion fields iIj'^ and the gauge 
field of the Lorentz group oj^^ . 



V. LATTICE REGULARIZATION OF QUANTUM GRAVITY 

When one substitutes the frame field by its composite expression ( fTTi) the cosmological 
term det(e) becomes quartic in ip'^ and quartic in ip, whereas the Einstein-Hilbert-Cartan 
action ( A e A e) becomes quadratic in ip'^ and quadratic in ip. We denote by the hat the 
frame fields replaced by the fermion bilinear expression ffTTI) . 

It is interesting that the Dirac-Fock-Weyl action ([3]) for the same fermions as in the 
definition of the frame is nothing but the cosmological term. Indeed, one can rewrite Eq. ([3]) 
as 

^Dirac = j(fx^- e^^^"" eABCD ef e^Tc^ ^ {i^hAV.iJ - ^^^.7A^) (12) 
= j(fx^- e'^"^^ eABCD efe'^e^ ■ = A j d'^x det(e) = AS,,,^. 

This relation can be read in the opposite direction: the cosmological term for composite 
tetrad is the Dirac-Fock-Weyl action in disguise. In terms of fermions it corresponds to 
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a propagating theory. Therefore, an interesting possibihty opens that when the composite 
frame field is used, the cosmological term by itself without adding the Einstein-Hilbert 
action, is capable to reproduce standard classical gravity theory in the infrared limit. We 
shall discuss this question in the next Section. 

In order to give precise sense to the path integrals over the fermion fields ip^ ip and over 
the spin connection u;^ we discretize the 4-dimensional internal space of Euclidean signature 
by imposing a hypercubic grid with lattice spacing a. We introduce four 4-vectors = aS'j^ 
to describe the shifts of lattice sites to four neighbor sites in the positive direction. The 
coordinates of lattice sites are taken to be integers in units of a. 



A. Spin connection, link variables 



As in any lattice gauge theory, we replace the connection o;^ by a 4 x 4 unitary matrix 
"living" on lattice links, 

,AB \ / , ,AB 



(OJ \ ( CO \ 

-a-^[-fAlB] J , = exp f a-|-[7A7B] J , ^l^i, = Ux4, 



(13) 



where a is the lattice spacing. In the spinor basis 



7A = 



a: 



Vab^' 



(14) 



where cr^ = (i^'r, 1) and r are the three Pauli matrices; 77, 77 are 't Hooft symbols projecting 
the general so(4)-valued connection onto its su{2)i^ and su{2)^_ parts: 



^t^--\ffABLl-\rtABRl 



(15) 



Correspondingly, link variables are block-diagonal unitary matrices composed of the SU (2)l 
and SU{2)ii rotations: 



n, 



( Ul, 


^ 




[ 








1 




V 







cxp (ia^LI^^ 

exp (ia'^Rl) 

exp (^—ia^L'^^ 

exp (-ia^Rl) 



(16) 
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B. Curvature, plaquette variable 



As usually in lattice gauge theory, the plaquette gives the curvature (see Fig. 2, left): 



= l4x4 + ^-F,r[7^7B] + 0(a^), 



where in its turn the so(4)-valued curvature can be decomposed into the sm(2)l and su{2)^ 
parts, 

Here 



are the usual Yang-Mills field strengths of the SU{2) Yang-Mills potentials and i?^. 



(19) 



//V 





FIG. 2: One plaquette (left); Einstein-Hilbert-Cartan action (middle); cosmological term action 
(right) . 



C. Gauge transformation on the lattice 



Under Lorentz gauge transformations ascribed, as usually, to lattice sites, the fermion 
field transforms as 



ijj{x) V{x)ijj{x) 



Vl 
Vr 



il^^x) ^7p\x)V\x), (20) 



telling us that the fermion field must 'live' on lattice sites. 
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The unitary matrix ascribed to the hnk in the /i*^ direction connecting the lattice site 



with coordinates x'^ with the lattice site x" + aj^ where a'^ = a5^^, transforms as 

+ y) ^ ^(^ + «m) + y ) 
+ y) ^ ^(^) + y) ^^(^ + 

Finally, the frame field written in the matrix form = 6^7^ transforms as 



(21) 



e^(x) ^ V{x)e^{x)V\x). 



(22) 



D. Frame field, lattice site variable 



It follows from the transformation law (1221) that the frame field should be ascribed to 
lattice sites rather than to links, despite that it carries a "direction" index. This is shown 
symbolically in Fig. 2, middle and right. 

There are many discretized expressions for that transform according to Eq. fl22l) and 
tend to (fTTl) in the limit a— >0. For example, one can define using an arbitrary parameter a: 



a 

2a 
1 - 



(23) 



a 



2a 



?/'^(x)7^f2« ( X - ij{x - a) - ^^(a; - a^)nl (^a; - y ) 7A^(a;) 



Keeping in mind that is a vector in both the inner curved space and in the flat tangent 
space and in particular that its components change signs appropriately under P, T inversions 
in both spaces, it is natural to choose the parameter a = | in Eq. f l23|) . The discretized 
tetrad is shown schematically in Fig. 3. 




4 




m » J 


2 








n x+a x-a. 



FIG. 3: Four terms for the discretized frame field, Eq. ()23p . Solid blobs stand for , open blobs 
stand for tp. Lines with arrows denote parallel transporters ^"^,0.. 
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E. Discretized action terms 



In the discretized version, the cosmological term is 



cosm 



J (fx det(e) (24) 
E ^ ^"'"'^ Tr(e.e,e,e. 75) = E ^"'"'^ ^abcd etefe^.e^ 

sites * sites 

a eABCD ei 62 e-^e^ = 2^ Sc 



^cosml,'^ ) 1 

sites X £ sites 



where the summation goes over all lattice sites x and the four frame fields are replaced by 
their discretized expression fl25]) . The Einstein-Hilbert-Cartan action is 

5ehc = /rf^x^e^^'^^e^BCD-F^'^eJe^ (25) 
^ E«'7e"''^'Tr(n,Ae;.e,75) = E 7 e'^^'^' Tr(fi,A7c7D75)eJe^ = E 5ehc(x), 

sites sites x g sites 

where is the plaquette variable (ITTI) . and the two frame fields are replaced by their 
discretized expression (l23l) . Both action terms (l2l|) and (!25|) are explicitly invariant under 
local Lorentz gauge transformations and become invariant under diffeomorphisms in the 
continuum limit. We notice that when the discretized composite tetrad (l23ll is used, the 
lattice spacing factors a'^,a^ drop out from Eqs.f l2^]l25ll . respectively. 



F. Lattice integration measure 

On the lattice, one integrates over 8 Grassmann variables ip\ ip at each lattice site, keeping 
in mind that only the following Berezin integral for each lattice site is nonzero: 

J di/jidijjldijjldipl dipidip2d4'3d%lj4 iplip2'4'l4'l '^i'^2V'3'^4 = 1- (26) 

One integrates also over all link variables with the 5*0(4) ~ SU{2)i^ x SU{2)ii Haar 
measure normalized to unity. The following integrals over the SU{2) Haar measure will be 
used: 

ldU^,n = l, jdUU'^ = ldUUl'' = 0, j dUU'^Up = ]^5'i5l, 

J dU U^U] = ^ e"^ eps , J dU U^Ur = ^ e"^ e^s , etc. (27) 
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The partition function for the regularized quantum General Relativity is 

2 = Yl J d^jjldipld^pld^pl d^id'ilj2dip:idip4. H ^^^l dUn (28) 

sites links 

•expUi ^ Scosm(a;) + 5-2 X! ^ehc (a;) + • • • j 

\ xGsites xgsites / 

where the actions are given by Eqs. fl24f25p with dimensionless 'coupling constants' gi^2- If 
needed, discretized versions of higher derivative terms can be added. This integral is well 
defined and finite for any finite volume. 



VI. HOW TO COMPUTE THE REGULARIZED PATH INTEGRAL? 

The arising lattice-regularized path integral for quantum General Relativity, although well 
defined, is quite unusual. The Einstein-Hilbert-Cartan action density is sehc ~ ip'^ ip'^ tpil) 
and the cosmological term density is Scosm ~ ip'^ip'^'ip'^'ip'^ilj'ip'ipil). There are no ip'^if) terms in 
the action, therefore there is no 'propagator', only the multi-fermion 'vertices'. 

This is a completely new kind of integral, and we have little or no experience in dealing 
with it. There must be approximate methods but they are not developed. One can hardly 
expect that there is a direct analog of saddle-point approximation for Berezin integrals over 
anticommuting variables. Perhaps, mean field methods have a better chance. For example, 
one can introduce a mean- field tetrad <e^> and a mean-field connection < >, replace 
all composite tetrads except one by the mean < > and replace all links except one by 
the mean <VL^ >, and then make it self-consistent, that is calculate the mean values from 
the definition of the average, hence closing the equations for the mean values. It would be 
interesting to check if the mean-field values satisfy the discretized version of the no-torsion 
condition (j6]). Similarly, introducing a mean- field plaquette < Vl^^ >, one can check if the 
mean curvature satisfies the Einstein equation. 

With the approximate methods not yet developed, we take a glimpse at the exact cal- 
culation of the partition function from its definition f l28|) . The only way to get a nonzero 
result is to organize Berezin integrals (l26ll in such a way that precisely 4 fermion operators 
V'lV'I'^aV^l and 4 fermion operators appear at each lattice site. These operators 

come from Taylor expanding the exponent of the action. Since the action densities are 
commuting bosonic operators, one can write exp s{x)) = Yix exp and expand each 

exponent independently, where s{x) = giScosm{x) + g2SEHc{x)- 
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Let us first take for simplicity only the cosmological term in the action {g2 = 0, gi ^ 0). 
Then there are exactly two ways how the needed number of fermion operators (4 ip^^s and 4 
V^'s per lattice site) is obtained: one either expands exp {giScosra{x)) at every lattice site to 
the linear order in Scosml^;) or expands this exponent to the second order in every even (or 
odd) site, taking the zero order expansion at the alternating sites, see Fig. 4, left. 



cosm i:o.sm 



■o^m -■o.sm 



2 



EHC -EHC- 



EtK EHC *Ef/C 



EHC ^E?fC- 



mc EHC 



EHC •^EHC 
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FIG. 4: Two ways of Taylor-expanding the exponent of the cosmological term action (first two 
figures) and three ways of Taylor-expanding the exponent of the Einstein-Hilbert-Cartan action 
(last three figures). 



The needed fermion operators at the empty sites are borrowed from the twice filled ones, 
which is possible since the discretized tetrad ( 123|) has fermion operators belonging to the 
nearest neighbor site. Similarly, if only the Einstein-Hilbert-Cartan action is used {gi = 
0, 7^ 0) there are three patterns of the expansion of the action exponents, shown in Fig. 4, 
right. If both action terms are taken into consideration {gi ^ 0, g2 ^ 0) it is a combination 
of the patterns in Fig. 4. We stress that one never needs to expand the exponents of the 
action terms beyond the fourth order. 

With the exponents of the actions at the lattice sites being expanded, one can perform 
explicit integration over the spin connection link variables using Eq. ( 1271) and the like. 
The result can be only gauge invariant and indeed it is: All fermion operators gather into 
gauge-invariant combinations (ip'^ip), [ipeip) and [tp'^eip'^) with the fermion operators in the 
parentheses belonging to the same site. This is a straightforward calculation although the 
algebra is tedious; it may be trusted to a computer. 

Now, one can start integrating over fermion variables keeping in mind Berezin's selection 
rule ( 126|) . The expression one has to deal with is a product over the volume of sums of the 
products of the above gauge-invariant monomials. If at some site one chooses a particular 
term in the sum with the necessary number of ip"^ ,ip operators, this term dictates what term 
should be used at one of the neighbor site, and so on. The rules which terms to use, form 
close loops on the lattice; there are several kinds of loops. If one goes to another lattice 
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point, the rule for selecting fermionic monomials there can be chosen independently. We 
arrive, thus, to the presentation of the partition function fl28|) as a sum over closed loops of 
arbitrary length and shape! The details of the derivation will be given elsewhere. 

In this language, the question whether the theory possesses a continuum (infrared) limit 
is the question whether the portion of long loops in lattice units is sufficiently large. This 
question is purely combinatorial: one compares the entropy of loops with "energy" per unit 
length but it depends also on the ratio of the constants g2/ Qi- This analysis has not been 
done so far but we see no reasons why the entropy of the loops cannot win over the energy, 
at least in certain range of g2/gi- In that case there will be long-range correlations in 
the system. Since diffeomorphism-invariance is restored in the continuum limit and Lorentz 
gauge invariance is explicit, these correlations must be equivalent to Einstein's law of gravity, 
although we have not yet checked it explicitly. 

Somewhat surprisingly, the cosmological term or the invariant volume by itself, meaning 
putting (yf2 = 0, may be sufficient to generate the expected classical General Relativity at 
large distances. As seen from Eq. ( JT2l) . the cosmological term, when written through the 
composite frame, is nothing but the Dirac-Fock-Weyl action corresponding to propagating 
fermions. If some kind of smooth mean field develops in the system, one can imagine 
integrating out fermions in its background. The low-energy derivative expansion of the 
effective action for the 'emergent gravity' a la Sakharov starts with the Einstein-Hilbert 
term, therefore the appearance of the standard Generality Relativity for low momenta mean 
fields is almost guaranteed. Technically, one has to check if the cosmological term alone in 
Eq. (1281) is capable of generating long loops, i.e. long-range correlations. 

Apparently Eq. (!28l) defines a system with rich dynamics which would be interesting to 
study more closely. 

VII. POSSIBLE UNIFICATION WITH THE STANDARD MODEL? 

In Eq. (!23|) we have replaced the frame field by a composite expression through spinor 
fields There is a question of matching the number of degrees of freedom (dof's). If 

tp'^,'ip carry less dof's than e^, not all metric tensors are possible. If they carry more dof's 
it is not only pure gravity but something in addition. 

In 4 dimensions, carry 4^ = 16 dof's, whereas one 'fiavor' of Dirac 4-component spinors 
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ifj'^ , ip carry 4-2 = 8 dof 's. From this point of view it may seem preferable to use two 'flavors' 
of fermions to parameterize the tetrad, which of course is also possible. Then the number of 
dof 's in the tetrad and the spinor fields would match each other exactly. However, matching 
dof's between fermions and bosons is a subtle matter, especially in view of the Nielsen- 
Ninomiya fermion doubling on a lattice. It is not clear before the partition function (12 8 p is 
better understood whether one needs two 'flavors' to reproduce the standard gravity in the 
infrared region, or one 'flavor' is enough. 

Nevertheless, one can ask a question in what dimensions d the number of dof's in the 
frame field (being rf^) matches exactly the number of dof's in the spinor representations of 
the SO{d) Lorentz group. For even d, the dimension of the spinor representation is df = 2^^^ 
and there are two spinor representations, so we double this number. For "leap" dimensions, 
d = An, these two spinor representations are real whereas for d = 4n + 2 they are complex, 
see e.g. [l^. Equating 



we find that there are only two solutions: d = 2 and d = 16. In these dimensions, the 
number of dof's in the spinor representations is exactly equal to the number of dof's in the 
frame field, meaning that the composite metric tensor will be unrestricted, and there will 
be no extra dof's except those needed for gravity. The Cartan formulation is implied here, 
with the connection being the independent gauge field of the SO{d) group. 

Lattice regularization of gravity suggested in Section V is easily generalizable to any 
number of dimensions, in particular to d = 16. The only difference is that now one can add 
to the cosmological term (e A e A . . . A e) (16 factors of e) and the Einstein-Hilbert-Cartan 
term ( J-" A e A . . . A e) (14 factors of e) six more terms on the same footing, all the way till 
(J-" AJ-'A...AJ-'AeAe) with arbitrary dimensionless coefficients. The last term in the 
sequence, (J-" A ... A J-"), is a full derivative and can be dropped. 

Such an action may have various classical saddle points, e.g. a direct product of spheres 
or whatever. Similar to the classical Higgs field, such solutions will break the rotational 
50(16) symmetry down to smaller gauge groups, for example to 5'0(4)Lorcntz x 5'f/(3)coior X 
5'f/(2)wcak X f^(l)Y- It should be noted that the 256 dof's of two real 128-dimensional spinor 
representations of 5*0(16) fit precisely four generations of the Standard Model. 




d 
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VIII. CONCLUSIONS 



Inclusion of fermions into General Relativity requires the introduction of the frame field 

and of the spin connection a;^^ as independent variables. This is known for the last 90 
years as Cartan's formulation of General Relativity 

In Cartan formulation, none of the thinkable local action terms preserving general co- 
variance is sign-definite. It makes impossible to define a quantum gravity theory allowing 
arbitrarily large fluctuations of metrics and connection about their classical values. 

I call it the Sign Problem of quantum gravity and it seems to be its main difficulty. 
However, it can be overcome if the frame field is replaced by a composite field built as 
a bilinear combination of anticommuting spinor fields and a covariant derivative. The last 
circumstance is important to ensure that transforms homogeneously under local Lorentz 
transformation, as it should do according to the Dirac-Fock-Weyl action for fermions. 

One can then formulate a well-defined path integral for the Euclidian partition function 
of quantum gravity, regularizing it by a imposing a lattice grid in curved space. The Sign 
Problem is solved since the Berezin integral over anticommuting spinor fields is well-behaved 
and finite for any sign of the action. Lattice regularization preserves exactly local Lorentz 
gauge invariance and restores diffeomorphism-invariance in the continuum limit. 

The lattice-regularized partition function with multi-fermion vertices but no propagator 
defines an interesting new system with rich dynamics that needs to be investigated from 
all angles. A preliminary study shows that it is exactly equivalent to a sum over closed 
loops. Whether this system that is well-behaved in the ultraviolet, has the needed classical 
Einstein's General Relativity in the infrared limit, is a question if the closed loops are long 
enough in lattice units, to ensure the expected long-range correlations. 

Finally, we speculate that spinor fields used to construct the frame field are in fact matter 
fermions. By matching the degrees of freedom we find that a regularized diffeomorphism- 
invariant theory in 16 dimensions with the SO (16) gauge Lorentz group is privileged among 
other dimensions. The two 128-dimensional spinor representations of SO (16) fit exactly into 
four generations of fermions. The role of the Higgs phenomenon may be played by mean 
fields that break the rotational S0{16) symmetry down to the SO{4) Lorentz group and 
presumably to the 5*^7(3) x SU{2) x U{1) gauge sector of the Standard Model. 
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